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Introduction

Fractional calculus is a field of mathematics stththt grows out of the traditior definitions of calculus
integral and drivative operators in much ttsame way fractional exponents is an outgrowth goegnts
with integer value.[13]

Splinefunctions are commonly used in several areas sacthese examples (data fitting, numer
solution of integral equationisacunary interpolation, Interpolation and numerisalution of the ordinar
partialdifferential equation) (see [18] and ]).

Initial value problems occur in many branches éésces and engineering, for fluid dynamics, quar
mechanics, optimgbroblems, etc., for this reason, the numericaltawiuof this problem is very importa
because the analytic solution is not always pos
Many authors have used several different kindsphh8& functions as a solution for iral values problems
(see [1], [15], [16] and [1]Y are as examples, but these ideas are used afitheay in this paper to soh
fractional initial value problems.

A new class of cubi€? —lacunary spline interpolation is made and appl@€irtd a numerical solutio

of fractional initial value

y(%)(x) = f(x,¥),y(x0) = ¥o,¥'(x0) = ¥o',x € [0,1] D

Construction of the Fractional Spline Function
Construction of the splinénterpolation function s(x) € C?[0,1] which satisfie (1) at the knots

s(x;) =ih,i=0,1,..,N andh =% is the main aim of this section, attds developed by construct
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fractional spline function as given in [1] and [@lspectively. The clasg’ — spline function is defined as
follows:

Sz(nz) = {s(x);s € (?[0,1],s € P(7)(x),x € I = [x;, Xi+1] WhereP;(x) is the set of all polynomials of degree
2 2

2

at most>.
Definition: [10]
The Riemann-Liouville fractional derivative of orde > 0 is defined by

am —_——
D¥f(x) = F(nl_a)wf;(x —Hn e lfE)dE, n—1<a<n,neEN

Definition: [8,14]
The Caputo fractional derivative of order> 0, is defined by:
1 x  fM(s)

Dg(f(x) — r(n_a) fa (X_S)cx+1—n

ds forn—1<a<n,neN

dn
@f(x) foro=n, neN

Existences and Uniqueness

Theorem 1:
3 1 5
Let f(x) € C? and given the real numbess, i =0,1,..,N, s,, soz and sz, then there exist a unique

splines(x) € S2._ 7 Such that

(n,3)
Sog = f|
10 0 1 \
SO(E) — fO(E)
3 3
5@ =£@,i=01,..,N ©
and
5 5
SO(;) — fo(g)
Proof:

The unique spline functior(x) ESZ(nZ) in [x;,x;+1] wheree (0,1] , we developed the construction
2
spline function from [1,15,16 ], as follows:

1 1 3 3 3 55
s(x) = A(®)s; + B(x)hzsz; + h2 [C(x)szi + D(X)SEHB] + E(x)hzs?;

where
Alx) =1,
2 1
B(x) = X2
C) = 32— —o 2 3)
X) = X&a — X4,
3Vr B2105VT
D(x) = 22—
x) = ﬁ2105\/7'[x ’
g S 32 7
E(x) = sV . T Briosym

and=x; + tph,0 < t < 1, with a similar expression fa x) in [x;_;,x;]. Since s(x) € C? and
5 5
s(xit) = s(xi7) to sz(xit) = sz2(xi™)
respectively, foi=0, 1, 2, ... N, leads to the following linear system of equations
111 3

3
Si = Sj—1 + —thfsfi_l + hiﬁi
TC

N

24 555
Bzh2s2;_,, 4)

3 32
2.

3
105y Tt 05y M T 05vn
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11 11 2 55

hzsz; = h2sz;_; + thszl g+t i hzsz1 T (5)
3 3 3
s2; = f(x;, 81),82; = s2j_4, (6)
55 231 233 55
hZSZi = Eh2521_1+3 - Ehzszi_l - hZSZi_l ,i=1,..,N, (7)
And hences(x) is uniquely determined if0,1].
Corallary:
LetB =1 in the Theorem 1, then the following system is Istab
Proof:
Directly from the equation (4), (5) and (7) we te following system
+2h%% +h3 108 E 32 % + 24 hgg )
Si = Sij— - S4i_ + ———=52; S4i_1,
T Yo T 105vm T Tosvm U T Tosvm
11 11
hzsz; = haszi_y +3 ! hzsa, +1hzsz1 " 9)
55 31 33 55
hZSZi = ZhZSZi - ZhZSZi_l - hZSZi_l ,i = 1, ,N (10)

And in the section of Stability analysis we willosh that the above system will be stable.
Theorem 2: [2,3,20]
Letg € C2™[0.h] be given, and l&,,_; be the unique Hermite interpolation polynomiatiefiree2m — 1

that matcheg and its firsim — 1 derivativesg™ at0 and h. Then
hf[x(h—-x)|™

le® )| < W =0(1)m,0 <x < h, (11)
where
le® ()| = |g™(x) = PT 1 (x)| and
G =
(2m)
maXp<x<h maXosxshlg (X)l (12)

The bounds in (11) are best possiblerfer 0 only.
Theorem 3:

1 3
Suppose that s(x) be the fractional spline definétheorem 2,f(5), f(E) € (?[0,1] and that
£®(0) = 0,p = 1,2 then for any € [0,1] we have

Is(x) — f(x)] < %f@)

Proof:

Becauses(%) (x) is Hermite interpolation polynomial of degree 3tohang f(l)(x) f(i) (x) atx = x;,x;41 SO
for any x € [x;,Xi+1] ,» we have using (11) witln = 1,g = f( ) and p3 = s( )(x) we get:

s D G )| < mD(Z)D( 2f also if we pug = f@ and P; = s@ we get|s( ) G )| < 1—4)D(2)D( Df
1

1 1
112)x [s(i) — f(i)] | < IEO|X[% D(Z)D(E)f] then we can get
2 2’ 52)nG)
Is(x) —s(0) + f(0) — f(x)| < =Xl D@DE
Since s(0) = f(0) and x € [0,1] then the last equation becomes
1
Is(x) — f(x)| < %D(Z)D(E)f and sincef®®(0) = 0,p = 1,2, [13] we have
D@p@f=pPf = 3 |
which implies that:
(%) — ()| < 2=
|s(x x)| < e .
Stability Analysis

193



JZS (2017) 19 — 1 (Part-A)

The presented methods (8), (9) and (10) are uradesiaderation for testing its stability analysis and
executing the method to the test the equation

3 3
y@@) = -22y(x),  2€RY@) =yo,¥' (o) =y, (13)
Settingh = K, using equation (13) to obtain

1
105\/_+1087Lzhz 210hz 1 24hz s
5i = 33 Si-1 T 3 35%i-1 + 3 35%i-1»
105+m—32A2hz 105vm—32A2h2 105vm—32A2h2

3

3 3 3 3 3
11 [35\/E+367\5h5] n [105\/_+387\2 E] 11 [ 105vVT+16Azh2 ] 5
SN s, + [T _10svm+ieAzhz

hzsz; = 3 3 hzsz;_; + 73| hzs?j_y,
105+/m—32A2h2 105+/m—32A2h2 6(105ymT—32A2h2)

o

3 3 3 3

55 313 Sho 11 Sho 5 5

22 152A3h 40Azh2 11 —105/m+80A2hz |, 2 2

hZSZi = |:—§ E:I Si—1 + |:—§ E:I hZSZi_l + |:—§ 3 ] hZSZi_l.
105ym—32AZh2 105ymT—32AZh2 105vmT—32AZh2

Or in matrix notation

Si=MS;_,,i=1,..,N where §;=]5%|, S;_;=|[S%-1| and
5

S2j S2j_1
- 3 1 5
105+/T+108K2 210h2 24h2
3 3 3
105vym—32K2 105vym—32K2 105ym—32K2

3
M= [35\/—+36K2] [105\/—+38K2] [ 105vm+16K2 ]
- 3
105ym—32K2 105ym—32K2 6(105y/mT—32K2)

3
[ 152K3 ] [ 401(2 ] [—105ﬁ+80KE

3
105ym—-32K2

105vmT—32K2 105vmT—32K2
The characteristic equation can be expressed ag/bel
r3 — (trM)r? + (M; + M, + M3)r — det(M) = 0. (14)

The cofactors of the diagonal elements can be ddrnmtM,, M,, M5 respectively where r is the eigenvalue
,In addition, (8), (9) and (10) can define the fi@tal spline approximation method that have waéiof

periodicity(0, K%), where the eigenvalues, of the matrix M are complex conjugate ajmgl| < 1. If all
complex eigenvalues have negative real parts, theacteristic equation will be stable as the cliarestic
polynomial (14) says. [1], [8] and [11].
Numerical Examples

The classC? —fractional interpolation spline to be explained ati# applicability of the
presented method to be showed computationally, twctional initial value problems are
considered. The effectiveness of the suggestedhicpodr can belemonstratedby the applicability
of the outcome respect these two Table 1 and 2rawen as follows.

1 3 1 1
The notatiore, ez andez stands for the maximum magnitude errgséx) — f(x)|, |s@ — @]
3 3
and|s(5) — f(5)| respectively.

Example 1: [4]
Consider the following nonlinear FIVP

r'(6) 3r(5) 2| @ 4 312
Dzy(x) +yi () = r(45)x2 st T F(zs)x + [x° = 3x% + 227,

With initial conditiony(0) = 0,y’(0) = 0 and the exact solution jgx) = x°> — 3x* + 2x3.
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Table -1: Absolute error of s(x) and its derivasivef Example 1.

Absolute Error

h 1 3 Exact solution Approximation solution
e ez ez

0.02 1.%107* 18107* 8.0810°* 1.970% 10°° 1.28 107*

0.05 0.00016 0.00014 0.00097 a42< 107* 1.958107°

0.1 0.0076 0.0P06 0.0548 0.0013 &30~*

Example 2: [12]

Consider the following linear FIVP
1

3
D2y(x) = —y(x), with initial conditiony(0) = 1 —T'(3),¥'(0) = —T (3), the exact solution is

() g ar() 02 IO ) o ) e s
y—1+F(E)+Xr(E)+T;)2XZ +?§)X2 +T4)2x3—r;)x4— F(%; 2,

Table -2: Absolute error of s(x) and its derivasivif Example 2.

Absolute Error

h 1 3 Exact solution Approximation solution
e ez ez

0.02 2410™* 2.08107* 8210°° 2.7896 2.7893

0.05 0.0017 0.0076 42107 2.8389 2.8313

0.1  0.0076 0.0067 0.0014 2.9179 29112

Conclusion

The application of the spline function hasrbstudied rarity. So, this led to use the fractisine
interpolation function as a proposal for findingdtional initial value problems. The above two egbas
that have presented showed that given algorithmpecawide encouraging results and also yields a good
approximation to the provided solution that a $rsi@p size h must be selected.

The solution of fractional initial value pralphs is not only an approximation that is targetedHis
newly presented algorithm because it approximateshigher order derivatives as well. Also, a spline
procedure is established based on a parafietdi0,1], andg = 1is taken and work on stability on it
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